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Abstract— In this work, we present new exact
solutions of the time fractional Hirota-Satsuma
equations. The modified tanh expansion method
is used to solve the governing equations. This
method allows us to construct new families of
solutions including travelling wave solutions,
solitary wave solutions and periodic solutions.
The analysis shows that when the value of
memory index (time-fractional order) of Hirota-
Satsuma equation is almost zero, the results
distinct and create a wave-like configuration.
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. INTRODUCTION (Heading 1)

Fractional order differential equations describe best
physical conditions and also it deals a great
importance in many sciences and engineering fields.
In applied physics and mathematics, nonlinear partial
differential equations (NPDEs) have a vital place.
These equations are mathematical models of
physical occurrence that stand up in engineering,
chemistry, biology, fluid dynamics, aerodynamics and
physics. It is important to have information about the
solutions of mathematical models. Thus, it has a vital
place to obtain the analytic results of nonlinear partial
differential equations in practical sciences. In the
recent years, it has become gorgeous solving these
equations. Therefore, some methods have been
established by sciences. Some of them are: Hirota
method [1], Homogeneous balance method [14],
Backlund transformation [2], Burger's KdV method [3,

8], Enhanced (Gj -expansion method [4, 5], (Gj
G G

Md. Hamidul Islam
Assistant Professor
Department of Mathematics & Physics,
North South University,

Dhaka, Bangladesh.

hamidul.islam@northsouth.edu

Mst. Jahanara Akhtar
Associate Professor
Department of Computer Science & Engineering
Dhaka International University
Dhaka, Bangladesh
jahanara.cse@diu-bd.net

G G
method [9], the exp(-®(§))-expansion method [6],
modified generalized Riccati equation method [7],
the improved F-expansion method [13, 20], the
tan(F(&)/2) -expansion method [18], for the

traveling wave solutions of the variant Bussinesq
equations [12, 21, 22, 23]. Recently, [19] observed
that the solutions of the modified Hirota-Satsuma
system bifurcate and produce a wave pattern full
memory and the pattern vanishes.

expansion method [8, 10, 11], (G l]—expansion

Whereas, many researchers utilized the fractional
derivative [15, 16, 17] and other well-known fractional
derivatives alongside some analytical methods to
solve many solitary wave problems such as the
Hirota-Satsuma equations [11].

u, +U,, +6uu, —6vv, =0
Vv, —2v,,, —6uv, =0
1)

However, in this article, the time fractional Hirota-
Satsuma equations would be considered in the sense
of the newly devised conformable fractional derivative
definition. The considered problem would then be
solved by employing the modified extended tanh
expansion method after recasting the problem to an
ordinary  differentiation  equation via wave
transformation. The new analytical solutions achieved
in this article are considered by hyperbolic function,
trigonometric functions and rational function. The
Maple software would be used in the solution of the
system of algebraic equations obtained and also in
the graphical illustrations of the solution.

II. DESCRIPTION OF CONFORMABLE DERIVATIVE
A. Definition (i): Conformable derivative

Various exact hyperbolic function solutions for the
time fractional variant bussinesq equations are
constructed using the modified extended tanh
expansion method in the sense of the newly devised
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fractional derivative called the conformable fractional
derivative by [12].

Let U :[0,00) — R be a function. The 's order

conformable derivative of u is defined by
u(t + ") —u(t
D7 u(t) = lim ( )—u@®
&

&0

(@)
forall t >0 and « €(0,1). See also [15].
B. Definition (ii): Conformable derivative

Let a<[01]. A differential operator D“ s
conformable if and only if Dto is the identity operator
and Dt1 is the classical differential operator.
Specifically, D;* is conformable if and only if for a
differentiable function u = u(t), D u(t) = u(t) and

Dlu(t) = %u(t) =u'(t).

Note that under this definition the operator given via
(ii) is not conformable.

Further, the following theorem gives some properties
of conformable derivative:

Theorem (i): Let o €(0,1) and suppose u(t) and
v(t) are ¢ — differentiable at t > O.
Then

a) Df(t"?)= pt" forall peR.

b) Df(q)=0 , for all constant function

u(t) =ag.

c) DZ(qu(t)) =gD (u(t)), forall g constant.i)

d) Dy (qu(t) + rv(t)) = aDy (u(t) + rDf (v(1)),
forall g,r € *R.

e) D (u®v(t)) =v(®D (u®) +u®)D ((v(t)).

ii)

5 Da[u(t)j _ v(H)D; (u(t)) —u(®) D7 ((v(t)
“lLv() V2 (t)
g) If, in addition to u(t) differentiable, then
a 1e du
Du(t) =t TS

Theorem (i) Let «ae(01) such u(t) is
differentiable and also ¢ — differentiable
Let v(t) be a function defined in the range of u(t)
also differentiable, then

D (u(t) o v(t)) =t V' () (u"(v(1)).

See also [16].

I1l. AN ANALYSIS OF THE METHOD

In this section, we present modified tanh expansion
method. For doing this we consider the following non-
linear fractional differential equation in two
independent variables x and t.

Q(u,Dt“u,Dfu,th“u,fo‘u,Dt“Dt“u, ........... ):O;0<a<1

®3)

where a is order of the derivative of the function
u=u(xt). Also, we use the travelling wave
variables,

D{

u(x,t)=U(&and & = Ax+B— (4)

where A and B are non-zero constants. After
transformation we get the following ordinary
differential equation (ODE):

QU U U"........ )=0

®)
Where, ' is a derivative with respect to €.
Suppose the solution of equation (5) can be
expressed as follows:

Ut =U (&) =2 +Z[a ®'(£) + q)b(g)] ©)

where a,,8,,b,,(i=12,......m) are constants to be

determined; M is a positive integer that non-linear
terms in the equation and @ (&) be satisfy the Riccati
differential equation:

(D,(g) = /1"'(1)2(6) (7)

where 4 is a constant. To form the general solutions
of the Riccati Eq. (7), we select the following cases:
When A < 0, the general hyperbolic solutions of (7)

are:
D (&) = —/— 1 tanh(+v/— 1&)
D (&) = —J/— 1 coth(v— A&).

When A > 0, the general trigonometric solutions of
(7) are:

D (&) = V2 tan(v/A€&)

V(t) 0. D(&) = -/ cot(\/AE).

When A = 0, then the normal solution is:

1
D(E) =-—.
(&) :

Thus putting equation (6) and its necessary
derivatives into equation (5) gives a polynomial in

dD(&), collect all terms with the same power of
d(&) together. Equating the coefficients of the

polynomial to zero, we will get a set of over-
determine algebraic equations for

a,,8;,0;,(i=12,....m), and 4 with the help of
symbolic computation using Maple.
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Finally, solving the algebraic equations and above
possible solutions of Riccati equation into (5), we
obtain the solution of equation (3).

IV. APLLICATION
We consider the conformable time fractional Hirota-
Satsuma equations version of (1) the form

Dfu+u,, +6uu, —6vv, =0,
Dfv-2v,, —6uvu, =0. )
Suppose  that u(x,t)=U(&), ay-,
ta
E=AX+B—
a’
(9)
The travelling wave variable (9) permits one

converting equation (8) into ODEs for u=U (&) and
v =V (&) as follows:
+U"+6UU'-6AVV'=0

BU'
BV'—2AV" -6AUV' =0
(10)

Considering the homogeneous balancing between
U" andVV' and between V" and UV'in equation
(100 m+3=2m,+1 and m,+3=m +m, +1
respectively.

Som =2, m,=2.

Therefore, equation (8) has a solution of the form:

b, b,
U@ =a,+a® (9+a,0 )+ gisr e
V) =Co+e® (e, cpd(rf) cp?éé)
(11)
where from equation (7)
D'(E) =1+ DP*(&) and
0"(&) = 2(d(&) 2 + D(E)) (12)

Substituting equation (11) and equation (12) into
equation (8) yields a set of algebraic equations for
a,,a,,a,,b,b,,c,,c,c,,d;,d,, A B, A These
algebraic equations system are obtained as

_4‘8A3CZ - 12Aa2(:2 = 0

_6Aa261 - 12A3(:1 - 12Aa1C2 =0

_80A3CZA - 12/‘{AQZC2 - 6Aa1C1 - 12Aa0C2 + ZBCZ
=0

—6114(12(:1—16143611 - 12114(11(32 - 12Ab1C2 + 6Aa2d1
+ B¢y — 64ayc, =0

—3243¢,A% — 6AAa c; — 12AAayc, + 2Bc,A — 6Aby ¢y
+ 124a,d, + 6Aa,d, — 12Ab,c, = 0
—124Ab,c, + 61Aa,d; — 6AAayc; + 6Aayd, — 6Ab,cy
+124a,d, + Bc A + 4A3d, A
—4A3¢, 2 —Bd, =0
—61Ab,c; + 124Aa,d, + 6AAa,d, — 12AAb,c, — 2Bd,
+ 6Ab,d, + 3243d,A + 124ayd, = 0
6AAbyc, + 16A3d, A% + 1214a,d, — Bd, A
+ 6Ab,d, + 12Ab,;d, =0

6AA ao dl -

—2Bd,A + 6AAb,d; + 80A43d,A% + 121Aa,yd,
+ 12Ab,d, =0
6AAb,d; + 12AAb;d, + 1243d,23 =0
4843d,23 + 12AAd,b, = 0
By using Maple solving the above system, we obtain

Set 1l
(-8/A+167A° - B BAN4A® - 2A

_lemw-B)
) _—GiA,ai_O,a2 =—4A°b, =0,b, =4A° 2", == 6A(2A2—1)

¢, =0,c, = +2VAA° —2A,d, =0,d, = £22°J4A® - 2A,

3
(1622\A B) a, —0.a, =0,
(—82A+164A° —B— BA)

3V4AA3 —2A

c,=0,c, =0,d, =0,d, = +212/4A% —2A.

b, =0,b, = —4A%A%,c, =+

Hence the solution is:

Case-l When A <0, we get the following hyperbolic function

solutions:
Family 1
@62a°-8B) 4A%
u, (x,t) =— 4A%Atanh? /-2 .
100 " e tanh? J— A&
(13)
_ean-8) AN A
u,(x,t) = ——"———+4A%Acoth® \— 1 _
0 6A VA e e
(14)
Family 2
(164A° —B) 4AZ 2
u X,t = — -+ A
00t 6A tanh?® \/— A& (15)
(162A°-B)  4A’2
U4(X,t) == + - (16
6A coth? J—1&  (16)
Family 3
oty CBATIOA B BANIT 2R oy e g 224
6Al2A* -1) nh? i
17)
3 3 3
) OO BBANAR 28y o o A28
6Al2A” -1 ol 72
(18)
Family 4
V. (1) = (-81A+161A° —B — BA) 2A4AA% —2A
o 3A(2A% —1) tanh? \/— A&
(19)
v, (1) = (-81A+161A° —B — BA) 2A/4A% —2A
o 3A(2A% -1) coth? \/— A&
(20)

Case-ll When A > 0, we get the following trigonometric function

solutions:
Family 5
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3 2
Lg@i)=—g§g1—59—4A%umﬁ Ag——féllﬁ
6A tan? /A&
(21)
3 _ 2
U, (x,t) = (628 -B) e or qE -4
6A cot? \JA&
(22)
Family 6
u(xo__@&m@—@_ 4A%2
o 6A tan? \[a& (23
3 _ 2
UAKD=—@&M B) 4A%A .
6A cot’ Jag (24
Family 7
(o) - CEAHIOR B BANR 2 ) o s g VAR 2R
6A2A% -1 wn? 22
(25)
(81BN -B-BANIN 2 (i), o 2K -2A
Ve(x,t) = 6A(2A2—1) +2(«}4A ZA)&cot A+ W
(26)
Family 8
v xt) (-81A+164A° —B—BA) 2iV4A® —2A
e 3A(2A% —1) tan? Jie
(27)
vty - (CBAA+I6AA® —B - BA) 22VaA° —2A
S 3A(2A% —1) cot? Jiz
(28)

Case-lll When A = 0, we get the following rational

function solutions:
Family 9
(164A° —B) 4A?
6A E2

Ug (x,t) = —ANZAPE2,
(29)
+ 2&2( 40 —2A)§z

(30)

(-8:a+16/4° -B-BANAN 2 2f/an’—2a)
6A(2A2 -1) £

Vo(X,t) =

Here the value of ff in the above is given by
t[l
E=Ax+B—.
o
(31)

V. GRAPHICAL REPRESENTATIONS OF SOME OF THE
OBTAINED SOLUTIONS

Now we give some graphical representations of the

conformable time-fractional on Hirota-Satsuma

equations at different time levels through different

values of a: u(X,t) is given figure-1 while their
equivalent results of v(X,t) are given in figure-2
respectively.

a=0.1
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Figure-1 Profiles of u(x,t) at different time levels
a=0.1

a=0.5
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Figure-2 Profiles of v(X,t) at different time levels

VI. CONCLUSION

In this work, various hyperbolic function solutions for
the time fractional on Hirota-Satsuma equations are
constructed using the tanh expansion method in the
sense of the newly devised conformable fractional
derivative. We have found for Hirota-Satsuma
equations the new families of solitary wave solutions
and periodic solutions. The Maple software has been
used for the solution of the system of algebraic
equations and also for the graphical illustrations,
respectively. We observed that the results of the time
fractional on Hirota-Satsuma equations separate and
produce a wave configuration when a is close to 0
(full memory), and the configuration vanishes when a
is close to1l.
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